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Abstract
For a simple graph we introduce notions of the double star sequence, the
double star frequently sequence and prove that these sequences are inverses
of each other. As a consequence, we express the general second Zagreb
index in terms of the double star sequence. Also, we calculate the ordinary
generating function and a linear recurrence relation for the sequence of the
general second Zagreb indexes.
1. Introduction
Let G be a simple graph whose vertex and edge sets are V (G) and
E(G), respectively. Let dv be the degree of the vertex v ∈ V (G). For
any real p the general second Zagreb index is defined by
M
(p)
2 (G) =
∑
uv∈E(G)
(du dv)
p,
see [1] for more details. Put n = |V (G)| and m = |E(G)|. The double
star graph Sa,b, 0 ≤ a ≤ b is a three with the following degree sequence
a + 1, b+ 1, 1, . . . , 1︸ ︷︷ ︸
a+b times
.
For example S0,0 = P2, S0,1 = P3, S1,1 = P4 and S0,a is the star Sa+1.
Denote by Sa,b(G) the number of subgraphs of G which are isomor-
phic to the double star Sa,b. For instance S0,0(G) is equal to the number
of edges ofG. It is easy to see that there exists only one connected graph
G of order n such that Sn−2,n−2(G) = 1, namely, the graph with the
degree sequence
n− 1, n− 1, 2, . . . , 2︸ ︷︷ ︸
n−2 times
.
Also, we have that Sa,n−1(G) = 0 for all a.
1
The triangle
S0,0(G), S0,1(G), . . . , S0,n−2(G),
S1,2(G), . . . , S1,n−2(G),
. . . . . . . . . . . .
Sn−2,n−2(G),
is called the double star sequence of a graph G.
The value Sa,b(G) can be counted by simple combinatorial tech-
niques:
Sa,b(G) =


∑
{u,v}∈E(G)
((
du − 1
a
)(
dv − 1
b
)
+
(
du − 1
b
)(
dv − 1
a
))
, a ≤ b,
∑
{u,v}∈E(G)
(
du − 1
a
)(
dv − 1
a
)
, a = b,
see [2], the formulas (1.7)-(1.8).
For small p we have
M
(0)
2 (G) = S0,0(G) = m,
and
M
(1)
2 (G) = M2(G) =
∑
uv∈E(G)
dudv =
∑
uv∈E(G)
1 + (du − 1) + (dv − 1) + (du − 1)(dv − 1)
= m+
∑
uv∈E(G)
(
du − 1
1
)(
dv − 1
0
)
+
(
du − 1
0
)(
dv − 1
1
)
+
(
du − 1
1
)(
dv − 1
1
)
= S0,0(G) + S0,1(G) + S1,1(G).
Also, by using the simple identity
((x+ 1)(y + 1))2 = 1 + 3
((
x
1
)
+
(
y
1
))
+ 2
((
x
2
)
+
(
y
2
))
+ 9
(
x
1
)(
y
1
)
+6
((
x
1
)(
y
2
)
+
(
x
2
)(
y
1
))
+ 4
(
x
2
)(
y
2
)
,
we have that
M
(2)
2 (G) =
∑
uv∈E(G)
(dudv)
2 = S0,0(G) + 3S0,1(G) + 2S0,2(G) + 9S1,1(G)
+6S1,2(G) + 4S2,2(G).
We generalize these expressions for the general second Zagreb index
M
(p)
2 (G) for any natural p. See also [3] for similar results for the general
first Zagreb index. The main result of the paper is the formula for
expressing of the general second Zagreb index in terms of the double
star sequence:
M
(p)
2 (G) =
n−2∑
i=0
n−2∑
k=i
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}
Si,k(G), p ∈ N,
here
{p
i
}
are the Stirling numbers of the second kind.
Also, we calculate the ordinary generating function for the integer
sequence {M
(p)
2 (G)}. Denote by Cn the set
Cn = {i · j | 0 ≤ i, j ≤ n}.
Then
∞∑
p=0
M
(p)
2 (G)z
p =
|Cn−1|−1∑
k=0

 min(k,|Cn−1|)∑
i=max(0,k−|Cn−1|)
[
Cn−1
|Cn−1| − i
]
M
(k−i)
2 (G)

 tk
∏
c∈Cn−1
(1− c · t)
,
and the linear recurrence relation for the integer sequence {M
(p)
2 (G)} :
M
(|Cn−1|)
2 (G) = −
|Cn−1|−1∑
i=1
[
Cn−1
i
]
M
(i)
2 (G),
here
[
Cn−1
i
]
are the Comtet numbers of the first kind associated
with the set Cn−1.
2. Double star and double frequently sequences
Any edge {u, v} ∈ E(G) is the double star Sdu−1,dv−1, du ≤ dv. Let
fi,j denotes the number of edges in G which are the double stars Si,j.
For example, f0,0 is the number of isolated edges in G. For the graph
G with the degree sequence
n− 1, n− 1, 2, . . . , 2︸ ︷︷ ︸
n−2 times
,
we have fn−2,n−2 = 1, f0,n−2 = 2(n − 2) and fi,j = 0. The integer
triangle
f0,0, f0,1, . . . , f0,n−2,
f1,1, . . . , f1,n−2,
. . . . . . . . . . . .
fn−2,n−2,
is called the double star frequently sequence of a graph G.
Example 1. Let G = K4. Then the double star sequence and the
double star frequently sequence have form
S0,0(G) = 6, S0,1(G) = 24, S0,2(G) = 12, f0,0 = 0, f0,1 = 0, f0,2 = 0,
S1,1(G) = 24, S1,2(G) = 24, f1,1 = 0, f1,2 = 0,
S2,2(G) = 6, f2,2 = 6.
The double star sequence and the double star frequency sequence
are a pair of multinomial inverse sequences, see [4, section 3.5] for
more details. The following theorem holds.
Theorem 1. Let G be a simple graph. Then
(i)Sa,b(G) =


n−2∑
i=0
n−2∑
j=i
((
i
a
)(
j
b
)
+
(
i
b
)(
j
a
))
fi,j, a < b,
n−2∑
i=0
n−2∑
j=i
(
i
a
)(
j
a
)
fi,j, a = b,
(ii)fa,b =


n−2∑
i=0
n−2∑
j=i
(−1)a+b+i+j
((
i
a
)(
j
b
)
+
(
i
b
)(
j
a
))
Si,j(G), a < b,
n−2∑
i=0
n−2∑
j=i
(−1)i+j
(
i
a
)(
j
a
)
Si,j(G), a = b.
Proof. (i) The statement follows immediately from the definitions of
fi,j.
(ii) For simplicity, we consider only the case a = b. We have
fa,a =
n−2∑
i=0
n−2∑
j=i
(−1)i+j
(
i
a
)(
j
a
)
Si,j(G) =
n−2∑
i=0
(−1)i+i
(
i
a
)(
i
a
)
Si,i(G)
+
n−2∑
i=0
n−2∑
j=i+1
(−1)i+j
(
i
a
)(
j
a
)
Si,j(G) =
n−2∑
i=0
(
i
a
)(
i
a
) n−2∑
p=0
n−2∑
q=p
(
p
i
)(
q
i
)
fp,q
+
n−2∑
i=0
n−2∑
j=i+1
(−1)i+j
(
i
a
)(
j
a
) n−2∑
p=0
n−2∑
q=p
((
p
i
)(
q
j
)
+
(
p
j
)(
q
i
))
fp,q
=
n−2∑
p=0
n−2∑
q=p
n−2∑
i=0
((
i
a
)(
i
a
)(
p
i
)(
q
i
)
+
n−2∑
j=i+1
(−1)i+j
(
i
a
)(
j
a
)((
p
i
)(
q
j
)
+
(
p
j
)(
q
i
)))
fp,q.
Now we use the orthogonal relation, see [4],
n∑
i=0
(−1)i
(
i
a
)(
b
i
)
= (−1)aδa,b,
and the simple identity(
p∑
i=0
ai
)
×
(
p∑
k=0
bk
)
=
n∑
i=0
aibi +
p∑
i=0
p∑
k=i+1
(aibk + biak).
Then the coefficient of fp,q equals
n−2∑
i=0
(
i
a
)(
i
a
)(
p
i
)(
q
i
)
+
n−2∑
i=0
n−2∑
j=i+1
(−1)i+j
(
i
a
)(
j
a
)((
p
i
)(
q
j
)
+
(
p
j
)(
q
i
))
=
n−2∑
i=0
n−2∑
j=0
(−1)i+j
(
i
a
)(
p
i
)(
j
a
)(
q
j
)
=
n−2∑
i=0
(−1)i
(
i
a
)(
p
i
)
×
n−2∑
j=0
(−1)j
(
j
a
)(
q
j
)
= (−1)aδp,a(−1)
aδq,a.
Thus
n−2∑
i=0
n−2∑
j=i
(−1)i+j
(
i
a
)(
j
a
)
Si,j(G) = (−1)
aδp,a(−1)
aδq,afp,q = fa,a,
as required.
The proof of the case a 6= b is almost identical to that of the case
a = b and is omitted. 
As a consequence, we obtain the double star variant of the Hand-
shaking lemma
n−2∑
i=0
n−2∑
j=i
fi,j =
n−2∑
i=0
n−2∑
j=i
(
i
0
)(
j
0
)
fi,j = S0,0(G) = m.
From [5] we know that
∑
uv∈E(G)
(
1
du
+
1
dv
)
= n− n0,
here n0 is the number of isolated vertices of G. Then by definition of
the double star frequently sequence we get that
n−2∑
i=0
n−2∑
j=i
(
1
i+ 1
+
1
j + 1
)
fi,j = n− n0.
3. The second general Zagreb index
For the second general Zagreb index we have
M
(p)
2 (G) =
n−2∑
i=0
n−2∑
j=i
((i+ 1)(j + 1))pfi,j .
Now we can express the second general Zagreb indexMp2 (G) in terms
of double star sequence:
Theorem 2.
M
p
2 (G) =
n−2∑
i=0
n−2∑
k=i
i!k!
{
p+ 1
i+ 1
}{
p + 1
k + 1
}
Si,k(G),
for any natural number p.
Proof. We have
n−2∑
i=0
n−2∑
k=i
i!k!
{
p + 1
i+ 1
}{
p+ 1
k + 1
}
Si,k(G) =
n−2∑
i=0
n−2∑
k=i+1
i!k!
{
p + 1
i+ 1
}{
p+ 1
k + 1
}
Si,k(G)
+
n−2∑
i=0
(
i!
{
p+ 1
i+ 1
})2
Si,i(G).
Simplify the second sum
n−2∑
i=0
(
i!
{
p+ 1
i+ 1
})2
Si,i(G) =
n−2∑
i=0
(
i!
{
p+ 1
i+ 1
})2 n−2∑
s=i
n−2∑
t=s
(
s
i
)(
t
i
)
fs,t
=
n−2∑
s=0
n−2∑
t=s
(
p∑
i=0
(
i!
{
p+ 1
i+ 1
})2(
s
i
)(
t
i
))
fs,t.
Simplify the first sum
n−2∑
i=0
n−2∑
k=i+1
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}
Si,k(G)
=
n−2∑
i=0
n−2∑
k=i+1
i!k!
{
p+ 1
i
}{
p+ 1
k + 1
} n−2∑
s=i
n−2∑
t=s
((
s
i
)(
t
k
)
+
(
s
k
)(
t
i
))
fs,t
=
n−2∑
s=0
n−2∑
t=s
(
p∑
i=0
p∑
k=i+1
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}((
s
i
)(
t
k
)
+
(
s
k
)(
t
i
)))
fs,t.
Thus the coefficient of fs,t in
p∑
i=0
p∑
k=i
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}
Si,k(G),
equals
p∑
i=0
(
i!
{
p+ 1
i+ 1
})2(
s
i
)(
t
i
)
+
p∑
i=0
p∑
k=i+1
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}((
s
i
)(
t
k
)
+
(
s
k
)(
t
i
))
=
p∑
i=0
(
s
i
)
i!
{
p+ 1
i+ 1
}
×
p∑
k=0
(
t
k
)
k!
{
p+ 1
k + 1
}
= ((s+ 1)(t+ 1))p.
We are using here the identity
p∑
i=0
(
s
i
)
i!
{
p+ 1
i+ 1
}
= (s+ 1)p,
which can be derived from the formula{
p+ 1
i+ 1
}
=
p∑
j=i
(
p
j
){
j
i
}
,
see [8]. In fact, we have
p∑
i=0
(
s
i
)
i!
{
p + 1
i+ 1
}
=
p∑
i=0
(
s
i
)
i!
p∑
j=i
(
p
j
){
j
i
}
=
p∑
j=0
(
p
j
) j∑
i=0
(
s
i
)
i!
{
j
i
}
=
p∑
j=0
(
p
j
)
sj = (s+ 1)p.
Here, we used the following simple summation interchange formula
n∑
i=0
ai
n∑
j=i
bj =
n∑
j=0
bi
j∑
i=0
ai.
Thus
n−2∑
i=0
n−2∑
k=i
i!k!
{
p + 1
i+ 1
}{
p+ 1
k + 1
}
Si,k(G) =
p∑
s=0
p∑
t=s
((s+ 1) (t+ 1))pfs,t = M
(p)
2 (G),
as required.

Example 2. For any simple graph G we have
M
(0)
2 (G) = S0,0(G),
M
(1)
2 (G) = S0,0(G) + S0,1(G) + S1,1(G),
M
(2)
2 (G) = S0,0(G) + 3S0,1(G) + 2S0,2(G) + 9S1,1(G) + 6S1,2(G) + 4S2,2(G),
M
(3)
2 (G) = S0,0(G) + 7S0,1(G) + 12S0,2(G) + 6S0,3(G) + 49S1,1(G) + 84S1,2(G)
42S1,3(G) + 144S2,2(G) + 72S2,3(G) + 36S3,3(G).
Similar formulas for triangle free graphs are derived in [2].
4. Recurrence relations for the generalized second
Zagreb indexes
The following generalization of the Srirling numbers of the first kind
is well known, see [6], [7]. Let S be an arbitrary set of natural numbers
of cardinality |S|. Then the Comtet numbers of the first kind
[
S
i
]
associated with the set S are defined by
(z)S =
∏
s∈S
(z − s) =
|S|∑
i=0
[
S
i
]
zi,
here (z)S is the generalized Pochhamer symbols.
The Comtet numbers of the first kind associated with the set S =
{0, 1, · · · , n− 1} coincides with the usual Stirling numbers of the first
kind.
Example 3. Denote by Cn the set
Cn = {i · j | 0 ≤ i, j ≤ n}.
For n = 4 we have
Cn = {0, 1, 2, 3, 4, 6, 8, 9, 12, 16},
and
(z)C4 = z (z − 1) (z − 2) (z − 3) (z − 4) (z − 6) (z − 8) (z − 9) (z − 12) (z − 16)
= z10 − 61 z9 + 1555 z8 − 21655 z7 + 180628 z6 − 929908 z5 + 2932320 z4−
−5411520 z3 + 5239296 z2 − 1990656 z.
Thus, the corresponding Comtet numbers of the first kind are as fol-
lows:[
C4
1
]
= −1990656,
[
C4
2
]
= 5239296,
[
C4
3
]
= −5411520,
[
C4
4
]
= 2932320,
[
C4
5
]
= −929908,[
C4
6
]
= 180628,
[
C4
7
]
= −21655,
[
C4
8
]
= 1555,
[
C4
9
]
= −61,
[
C4
10
]
= 1,
[
C4
0
]
= 0.
Let
G(M2, t) =
∞∑
p=0
M
(p)
2 (G)t
p,
be the ordinary generating functions of the sequence of the sec-
ond general Zagreb indexes. Let us express the generating functions
G(M2, t) in terms of the double star sequences. The following theorem
holds.
Theorem 3. Let G(M2, t) be the ordinary generating functions of the
sequence of the second general Zagreb indexes. Then
(i)G(M2, t) =
|Cn−1|−1∑
k=0

 min(k,|Cn−1|)∑
i=max(0,k−|Cn−1|)
[
Cn−1
|Cn−1| − i
]
M
(k−i)
2 (G)

 tk
∏
c∈Cn−1
(1− ct)
,
(ii)M
(|Cn−1|)
2 (G) = −
|Cn−1|−1∑
i=1
[
Cn−1
i
]
M
(i)
2 (G),
where
[
S
i
]
is the Comtet numbers of the first kind associated with
the set S.
Proof. We have
G(M2, t) =
∞∑
p=0
M
(p)
2 (G)t
p =
∞∑
p=0
(
n−2∑
i=1
n−2∑
k=i
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}
Si,k(G)
)
tp
=
n−1∑
i=1
n−1∑
k=i
(
∞∑
p=0
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}
tp
)
Si,k(G)
=
n−1∑
i=1
n−1∑
k=i
(
∞∑
p=i
i!k!
{
p+ 1
i+ 1
}{
p + 1
k + 1
}
tp
)
Si,k(G).
Since
{
n
k
}
=
1
k!
k∑
i=0
(−1)k−i
(
k
i
)
in,
we get
∞∑
p=i
i!k!
{
p+ 1
i+ 1
}{
p+ 1
k + 1
}
tp
=
∞∑
p=i
(
i+1∑
r=0
(−1)i+1−r
i+ 1
(
i+ 1
r
)
rp+1
k+1∑
j=0
(−1)k+1−j
k + 1
(
k + 1
j
)
jp+1
)
tp
=
1
(i+ 1)(k + 1)
(
i+1∑
r=0
(−1)i+1−rr
(
i+ 1
r
) k+1∑
j=0
(−1)k+1−jj
(
k + 1
j
)) ∞∑
p=i
(rjt)p
=
1
(i+ 1)(k + 1)
i+1∑
r=0
k+1∑
j=0
(−1)i+1−r(−1)k+1−jrj
(
i+ 1
r
)(
k + 1
j
)
(rjt)i
1− (rj)t
.
It follows that the partial fraction decomposition of the generating
function G(M2, t) is a linear combination of fractions of the form
1
1− (rj)t
, 0 ≤ r, j ≤ n− 1.
After simplification we get
G(M2, t) =
a0 + a1t+ a2t
2 + · · ·+ a|Cn−1|−1t
|Cn−1|−1∏
c∈Cn−1
(1− ct)
for some unknown numbers a0, a1, . . . , an−1. To define these numbers
let us observe that∏
c∈Cn−1
(1− c t) = t|Cn−1|
∏
c∈Cn−1
(
1
t
− c
)
= t|Cn−1|
(
1
t
)
Cn−1
=
Cn−1∑
i=0
[
Cn−1
i
]
t|Cn−1|−i.
Now
a0 + a1t+ a2t
2 + · · ·+ a|Cn−1|−1t
|Cn−1|−1 =

|Cn−1|∑
i=0
[
Cn−1
i
]
t|Cn−1|−i

( ∞∑
p=0
M
(p)
2 (G)t
p
)
=
∞∑
p=0

 min(p,|Cn−1|)∑
i=max(0,p−|Cn−1|)
[
Cn−1
|Cn−1| − i
]
M
(p−i)
2 (G)

 tp.
Equating coefficients of tp yelds
ap =
min(p,|Cn−1|)∑
i=max(0,p−|Cn−1|)
[
Cn−1
|Cn−1| − i
]
M
(p−i)
2 (G).
Therefore
G(M2, t) =
|Cn−1|−1∑
p=0

 min(p,|Cn−1|)∑
i=max(0,p−|Cn−1|)
[
Cn−1
|Cn−1| − i
]
M
(p−i)
2 (G)

 tp
∏
c∈Cn−1
(1− ct)
.
(ii) Since ap = 0 for p ≥ |Cn−1| we have the identity
a|Cn−1| =
min(p,|Cn−1|)∑
i=max(0,p−|Cn−1|)
[
Cn−1
|Cn−1| − i
]
M
(k−i)
2 (G) = 0,
or
|Cn−1|∑
i=0
[
Cn−1
|Cn−1| − i
]
M
(|Cn−1|−i)
2 (G) =
|Cn−1|∑
i=0
[
Cn−1
i
]
M
(i)
2 (G) = 0
Tacking into account [
Cn−1
0
]
= 0,
[
Cn−1
|Cn−1|
]
= 1
we can rewrite the last expression the form
M
(|Cn−1|)
2 (G) = −
|Cn−1|−1∑
i=1
[
Cn−1
i
]
M
(i)
2 (G).

Example 4. For n = 4 we have
C3 = {0, 1, 2, 3, 4, 6, 9}.
Then
(z)C3 = z (z − 1) (z − 2) (z − 3) (z − 4) (z − 6) (z − 9)
= z7 − 25 z6 + 239 z5 − 1115 z4 + 2664 z3 − 3060 z2 + 1296 z.
The Comtet numbers of the first kind are as follows:[
C3
0
]
= 0,
[
C3
1
]
= 1296,
[
C3
2
]
= −3060,
[
C3
3
]
= 2664,[
C3
4
]
= −1115,
[
C3
5
]
= 239,
[
C3
6
]
= −25,
[
C3
7
]
= 1.
Then for a simple graph G with 4 vertices the following recurrence
relation holds
M
(7)
2 (G) = −1296M
(1)
2 (G) + 3060M
(2)
2 (G)− 2664M
(3)
2 (G) + 1115M
(4)
2 (G)−
−239M
(5)
2 (G) + 25M
(6)
2 (G).
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